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Low-Density Hypersonic Flow over a Cdne

R. Horranp* anp H. S. Grickt
Rensselaer Polytechnic Institute, Troy, N.Y.

An experimental study of low-density hypersonic flow over a slender cone has been con-
ducted using air and helium as the test gases. The test flows spanned a range of freestream
Mach numbers from 12 to 24 in air, and from 36 to 80 in helium; the range of Reynolds num-
bers extended from 200 to 100,000. Pressures were monitored using miniature acceleration-
compensated transducers. The experimental pressure data obtained at relatively high-
density conditions are compared with the predictions of weak viscous-interaction theories,
and the agreement is shown to be satisfactory if flow angularity, nozzle-flow gradients, and
nonequilibrium effects are taken into account. In the intermediate range of flow densities,
the recent viscous-interaction theory of Mirels and Ellinwood is found to have a limited do-
main of applicability due to the appearance of rarefaction effects. At the lowest density condi-
tions studied experimentally, the flowfield in the vicinity of the vertex of the cone is believed
to be outside the domain of existing continuum theories. However, an approximate calcula-
tion which takes into account the structure of the shock wave appears to give results which
are in satisfactory agreement with the experimental data.
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Introduction

HE problem of hypersonic viscous interaction has been
B studied extensively over the past fifteen years and a good
measure of success has been achieved in understanding some
of the main aspects of the problem.! To a large extent, the
viscous-interaction problem is well understood for two-di-
mensional and slender axisymmetric bodies within the limits
of boundary-layer theory based on the Navier-Stokes equa-
tions. As the flow is made progressively more rarefied, new
phenomena are observed which modify the predictions of vis-
cous-interaction theory. For example, it has been shown by
many investigators that pressures measured on two-dimen-
sional and slender axisymmetric bodies fall substantially be-
low the values predicted by strong-interaction theory as the
degree of rarefaction is increased.?~* Many theoretical ef-
forts have been made to account for the departures from
strong-interaction theory and some success has been achieved,
especially for the case of the flat plate.5~7
The experimental studies of hypersonic viscous interaction
have provided both a proving ground and a source of physical
models for the theorist, especially for cases in which rarefac-
tion effects are significant. The prime responsibility of the
experimentalist has been to obtain data which are not spuri-
ous. Thisaim is not easily achieved because favorable signal-
to-noise ratios are difficult to obtain at the low signal levels
characteristic of rarefied hypersonic flow, pressure-orifice
corrections become important, and extreme care must be
exercised, especially for flat plates, to correct for flow angu-
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larity, three-dimensional flow effects, flow gradients, nose
bluntness, etec. These experimental difficulties have produced
marked disagreements in the data obtained in different experi-
mental studies, and therefore comparisons with the predic-
tions of various theories have not been unequivocal.

The present study has been carried out in a shock tunnel
using air and helium as test gases. Data have been taken
over a fairly wide range of densities so that the measurements
extend from the weak-interaction regime up to relatively high
degrees of rarefaction. The main aim of the present study
has been to obtain data which will provide a meaningful test
of theories which seek to describe phenomena involving rare-
faction effects.

Experimental Apparatus
A. Shock Tunnel Configuration

The present experiments were carried out in a combustion-
driven shock tunnel. A detailed description of the shock tun-
nel configuration, the auxiliary equipment, and the method of
operation is given in Ref. 8.

B. Model and Instrumentation

The model employed in the experimental study is a pointed
right-circular cone with a 10° semivertex angle (Fig. 1) and
consists of a brass body with a detachable stainless steel tip.
A hemispherically-headed impact-pressure probe (1.125 in. in
diameter) is mounted 3.5 in. off the axis of the cone to provide
continuous monitoring of the impact pressure in the test
section. The nose of the probe (shown disassembled in Fig. 1)
is located in the same transverse plane as that of the tip of the
cone. A four-in.-long brass eylindrical afterbody is screwed
into the rear of the cone and contains the field-effect-transis-
tor (FET) amplifiers. A steel rod (1.25 in. in diameter and six
ft long) screws into the back of the cylindrical afterbody, con-
necting the cone and the impact-pressure probe with the
model-support mechanism which is capable of approximately
six feet of translation along the axis of the tunnel.

The tip diameter of the nose has been chosen to be suf-
ficiently small to obviate the complicating effects of bluntness
interaction. If one applies the criterion developed by H. K.
Cheng?. for the case-of a blunted flat plate to the-case of a
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Fig. T Pressure-instrumented 10° cone and associated
impact-pressure probe.

blunted cone, it is found that the condition for which nose-
bluntness effects are negligible compared with viscous-inter-
action effects is

2/t > (Bew,./Col o) (k/€)(0.664 + 1.73T,,/T) 2

where ¢ is the nose-tip diameter, k is the nose-drag coefficient,
and e = (y — 1)/(y 4+ 1). This eriterion is similar to that
given in Ref. 1. It is readily determined that for the range of
Reynolds numbers and Mach numbers employed in the
present study, the aforementioned criterion implies that nose-
bluntness effects are negligible. For the lowest Reynolds
number experiments, it is not clear that this criterion remains
meaningful since the requirements of continuum hypersonic
slender-body theory are not satisfied. However, mean-free-
path arguments can be developed which indicate that blunt-
ness interaction is also unimportant in the highly rarefied
flow experiments.?

The cone model has static pressure orifices at locations
{based on slant distance along the surface) of 0.50, 2.20, 3.89,
and 5.83 in. from the vertex. Each of the three downstream
pressure transducers is located at the bottom of an orifice
that is 0.096 in. in diameter and 0.100 in. in depth (Fig. 2),
whereas the leading pressure transducer is located at the bot-
tom of an L-shaped orifice that is 0.070 in. in diameter and
0.250 in. in total depth.

Reference 10 provides a detailed description of the fabrica-
tion and calibration of miniature acceleration-compensated
pressure transducers employed in the present investigation.
Particular attention is given to the problem of obtaining pairs
of crystals whose acceleration response is similar over a wide
frequeney range. Also, the several important advantages of
insulated-gate FET amplifiers, both in regard to transducer
miniaturization and superior electronic performance, are de-
scribed.

Reservoir, impact, and cone-surface-pressure records are
presented in Fig. 3 for the most highly rarefied flow studied.

C. Flowfield Calibration

Flow uniformity in the contoured-nozzle test section was
determined using aerodynamic probes. The distribution of
impact pressure in the test section and measurements of the
flow angularity along the test-section axis of symmetry were
obtained for each test gas and reservoir condition of interest.

An impact-pressure rake was moved along the nozzle axis
at three-in. increments and simultaneously monitored the
transverse variation of impact pressure along a diametral
line at either three- or four-in. inerements. High-quality
impact-pressure data have been obtained with little or no ac-
celeration sensitivity (as determined by control tests with the
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Fig.2 Section view of an acceleration-compensated pres-
sure transducer mounted in a 10° cone.

orifices sealed). The axial Mach number gradient in air for
the three nozzles studied is found to be approximately 4 of
19, per in., where the Mach number is determined by com-
puting the nonequilibrium expansion from the reservoir to the
measured impact pressure. Inferred values of flow Mach
number are believed to be accurate to within +19,, the main
contribution to the experimental error arising from a +£39%,
uncertainty in the pressure transducer sensitivities. The
axial Mach number gradient in helium at nominal flow Mach
numbers of 36 and 72 is approximately twice as high as for
the airflows, or about 1% per in.

Typical radial distributions of impact pressure in the three
contoured nozzles employed in the air experiments are shown
in Fig. 4 for nominal test-section Mach numbers of 12, 18,
and 24. The radial Mach number gradient, as computed
from the measured impact-pressure surveys, is found to lie in
the range 0.25 to 0.49, per in., where the Mach number in

Fig. 3 Pressure records obtained in an airflow at M, =
22.6, po = 104 atm, T, = 3900 °K, Re,/in. = 400. a) The
upper trace shows the reservoir pressure (500 psi/division);
the lower trace shows the impact pressure (0.068 psi/divi-
sion). The sweep speed is 500 psec/division. b) The
trace shows the output of an acceleration-compen-
sated gauge mounted near the vertex of a 10° cone. The

vertical sensitivity is 0.0028 psi/division and the sweep

.. speed is 500 usec/division.
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Fig. 4 Typical radial distributions of impact pressure in
contoured hypersonic nozzles.

general falls with increasing radial distance from the nozzle
centerline. The measured axial and radial gradients are
almost independent of reservoir density.

The measurement of flow angularity along the test-section
axis of symmetry for each test gas and reservoir condition of
interest completed the nozzle-flow calibration. The pressure-
instrumented 10° cone was used for this purpose.?

Results and Discussion

A. Data and Data Reduction Methods

An accurate determination of the hypersonic air and helium
test-flow properties involves a number of special considera-
tions. Included in these are the determination of time-de-
pendent reservoir conditions, proper interpretation of mea-
sured impact pressures, and a consideration of thermo-
dynamic nonequilibrium in the nozzle-expansion process.

Some care is also required to insure a proper interpretation
and comparison of experimentally measured orifice pressures
with theoretical surface-pressure predictions, since the latter
have been obtained assuming a uniform freestream flow with
no angle of incidence, and calorically and thermally perfect
gas behavior.

1. Reservoir conditions

In order to obtain relatively long testing times with nearly
constant reservoir properties, the combustion-driven shock
tunnel was operated as close to the “tailored-interface’” con-
dition as possible. Reservoir temperatures are thereby re-
stricted to the range 3400° to 3800°K for air, and 1200° to
1400°K for helium. However, it has not been possible, using
the present shock tunnel, to achieve truly constant reservoir
properties for either the air or the helium experiments. This
difficulty is believed to be due to the excessive length-to-
diameter ratio of the driven tube which is responsible for ap-
preciable attenuation of the incident shock wave.

Reservoir properties were determined from 1) the mea-
sured speed of the incident shock wave just prior to reflec-
tion, 2) the measured reservoir pressure, and 3) the assump-
tion that the gas in the reservoir is in thermodynamic equilib-
rium.'! It can be shown from previously measured vibra-
tional and chemical rate processes for atmospheric gases that
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the shock-heated air in the reservoir approaches thermo-

chemical equilibrium in times that are negligible compared
with tunnel-testing times. At 3600°K and 100 atm, the
energy loss produced by radiation and conduction from the al-
most stagnant air to the cold shock-tube walls in five milli-
seconds is less than 4%, of the total energy, and has therefore
been ignored in the data reduction.

The reservoir pressure, calculated on the basis of the
measured shock-wave speed and the initial pressure in the
driven tube, is found to agree with the measured pressure
just after shock reflection to within one or two per cent.
The relatively small deviations of the reservoir gas properties
from ideal tailored-interface conditions during a test are as-
sumed to be caused by isentropic wave processes, and are
accounted for accordingly.

2. Test-section properties

a) Avr: During the rapid expansion of high-enthalpy air
in the shock tunnel nozzle, departures from equilibrium flow
conditions may occur. These nonequilibrium effects, caused
by lags in energy transfer associated with chemical reactions
and vibrational deactivation, may cause significant changes
in test-section properties from values computed on the basis
of an equilibrium expansion. Nonequilibrium effects are im-
portant enough in the present investigation so that detailed
numerical computations were carried out for each nozzle
geometry and nominal reservoir condition of interest.

An empirical equation, which was developed by Burke
and Bird,'? has been employed in estimating the boundary-
layer correction necessary for specifying the effective inviseid
boundary coordinates for each of the three nozzles of interest.
The air kinetic model and the reaction rates used in the
present calculations are given in Ref. 8. Test-section prop-
erties are determined by conducting the nonequilibrium eom-
putation from the reservoir to the measured impact pressure.
After introducing small corrections for the effects of rarefac-
tion, the measured impact pressure, po’, is related to com-
puted nonequilibrium flow properties by the relation

po’ = panmﬂ2[1 - %(pw/lh)e + O(Mco_2)]

where (po/p2). is the equilibrium density ratio across the nor-
mal bow shock in front of the impact probe, and the sub-
scripts » and e refer to nonequilibrium and equilibrium
values, respectively. Vibrational and rotational relaxation
during the air expansion in the contoured nozzle has been
studied in detail and is found to have a negligible influence in
changing freestream properties from those values computed
on the basis of instantaneous rotational and vibrational
equilibration.! The predictions of nonequilibrium nozzle flow
calculations, using models and reaction rates differing only
slightly from the present scheme, have been found by a
number of investigators to be in excellent agreement with ex-
periment,'3.14 thus placing some confidence in the present
technique for finding freestream flow conditions.

b) Helium: Helium is a monatomic gas that has been
used for many years in steady-flow hypersonic studies. At
reservoir temperatures on the order of a thousand degrees
Kelvin, the fraction of helium atoms in excited electronic
states is easily shown to be negligible. The extremely low
condensation temperature of helium permits the expansion
of helium from relatively low reservoir temperatures of 1200°
to 1300°K up to flow Mach numbers of 80. Since these
reservoir temperatures are small compared with the reservoir
temperatures employed in the air experiments, the helium
studies have large values of T,,/T relative to the air studies.

It is shown in Ref. 8 that even for expansions up to Mach
80, helium behaves as a gas that is ideal, both thermally and
calorically, and that the error in using the isentropic relations
is less than 0.29%,.
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3. Low-density corrections to measured pressures

The problem of relating the measured orifice pressure to the
surface pressure under rarefied flow conditions has been con-
sidered by Potter et al.’® and Vidal and Bartz.’® In these
studies, an empirical result of Knudsen has been extended ap-
proximately by the methods of kinetic theory. For the range
of interest in the present investigation, the predictions of the
two theories are essentially indistinguishable. The orifice
pressure, p., and the surface pressure, p,, have been related
by the following transcendental equation:

(po/pW)2K - '18‘5(77'/2)1,2’(711(270/2710)1(—1 —1=0

where

(v —1\'"? Prg, 1
Ty (€T i,

. d {1+ 1584/,
K= [1 123 W <1 + 12.25 d/)\w>]

and \,/d is the orifice Knudsen number based on the orifice
diameter and the measured orifice pressure, -y is the specific
heat ratio, Pr is the Prandtl number, ¢, is the heat-transfer
rate at the wall, C, is the specific heat at constant pressure,
and T, is the wall temperature. These relations follow from
Ref. 16 after some rearrangement.

Based on these approximate analyses, corrections to the
measured pressures due to ‘“‘pseudo-thermal transpiration”
were generally small in the present work, except for the case
of the Mach 24 airflow, where corrections to the pressures
‘measured one-half in. downstream of the cone vertex exceed
100%. The recent experimental work by Vidal and Bartz,
in which both flush-mounted and recessed transducers were
employed in monitoring pressures in low-density hypersonic
flows, suggests that the correction used here may underesti-
mate the surface pressure by 109 to 209%. However, the
kinetic pressure measured by the CAL flush-mounted trans-
ducer may have exceeded the predicted thermodynamic pres-
sure because of rotational nonequilibrium. Until this ques-
tion is resolved, the uncertainty in the pressure-orifice correc-
tion will continue to be the major source of error for the most
highly rarefied flow experiments. At the higher density con-
ditions where the pressure-orifice correction is small or neg-
ligible, the major source of error in the experiments arises
from a 3%, uncertainty in the sensitivities of the pressure
transducers.

Small viscous corrections to the measured impact pressure
have also been made at the low-density flow conditions.
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These corrections to the measured impact pressure have in
no case exceeded 3%.

4. Flow incidence

Sinee nozzle flow angularity was found to vary with reser-
voir conditions and nozzle area ratio, slight misalignment of a
slender cone in a shock-tunnel flow is difficult to avoid and
may produce large asymmetry in the pressure distribution at
high flow Mach numbers. For an inviseid hypersonic flow
over a slender cone with a strong shock, the tangent-cone
approximation gives the windward surface pressure with
small pitch, «, in terms of the Taylor-Maccoll pressure, p., as

ple) = pe(l + a/6)% (Mob:)? > 1

A one-degree flow misalignment is seen to cause a 219 in-
crease in windward surface pressure for a 10° half-angle cone,
whereas for more slender cones the alignment problem is con-
siderably more severe. A method has been devised for re-
ducing these errors by an order of magnitude or more, as dis-
cussed below.

Tor the case of a viscous flow over a cone at small incidence,
the surface pressure, normalized with respect to the zero-
incidence pressure, may be written in terms of a double power
series expansion in /0, and 3/6. as follows:

p(x,0¢,¢;a,ﬁ) o \™ ﬁ n
W - mgﬂ nZ:O (@) <§c> ;Dmn(x,ﬂc,qb)

where 8 is the yaw angle, po = 1, and p.. < 0(1). By
symmetry considerations, one finds that po and pi are odd
functions of ¢ about 7, and consequently,

3
p(z,00) = }1 > p(,0.9 + lg;a,ﬁ)[l - o(g)z]
k=0 c

where 8 is the larger of the pitch and yaw angles. Hence, by
making four separate measurements in which the cone is care-
fully rotated by inecrements of 90°, it is possible to infer the
zero-incidence pressure distribution from distributions in-
cluding small angles of pitech and yaw, with an error of order
(6/6.)% at most. In the present measurements, § is estimated
to vary between one-half to one degree, and 6. = 10°.

B. Experimental Results and Discussion

The present experimental results, as well as those obtained
previously, are compared with the first-order weak-interac-
tion theory of Probstein®® in Figs. 5 and 6. The Probstein
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theory has been used in these figures because it permits a
convenient comparison of data obtained under differing flow
conditions. It will be shown later that the curves given by
the Probstein theory are almost indistinguishable from those
predicted by the later analyses of Yasuhara!® and Mirels and
Ellinwood.® Indeed, it can be shown that Probsetin’s first-
order theory is satisfactory for correlating data both in the
weak and in the moderate interaction regimes in the absence
of rarefaction effects. Figure 5 shows how the various data
correlate for the case of a cold wall. It is seen that the
present results are the only set of data which clearly. merges
with the Probstein curve at small values of the rarefaction
parameter, i.e., Vo < 0.10, and departs from the theoretical
curve as V., increases. The data of Waldron* suggest a simi-
lar behavior, but apparently there are two sets of results—
one set which follows the theoretical curve closely up to
values of V., of approximately 0.35 and then falls below, and
a second set which is roughly parallel with the first set, but
lies somewhat below it. Although spanning a somewhat
larger range of conditions, the present data are largely
bracketed by the composite results of Waldron. Also, the
present results are reasonably close to those obtained by
MecCroskey et al.?! over the range 0.09 < V., < 0.27. How-
ever, the data of McCroskey et al. do not quite merge with
the Probstein curve at values of V., < 0.10. The differences
between the present data and those of Waldron and Mec-
Croskey et al. are not large, and ean probably be attributed
to the difficulties inherent in low-density hypersonic flow
measurements. The data of Kaplan,?® Wilkinson and Har-
rington,? and Vas et al.2¢ are noticeably different from the
previously discussed data, and the reasons for the lack of cor-
relation between these latter data and the Probstein curve are
not known.

The various experimental results for the hot-wall case are
shown in Fig. 6. The present data are again seen to merge
with the Probstein curve at values of V., =20.10 and fall below
the theoretical curve as the value of V., is increased. The
relatively low Mach number results of Talbot et al.?® ap-
patrently follow the Probstein theory (modified for low-flow
Mach numbers) up to values of V., =0.085, with no appreci-
able indication of rarefaction effects. The recent data of
Horstman and Kussoy# lie slightly below the present results
up to values of Vo = 0.10, and are also slightly below the
Probstein curve at low values of Vo, i.e., V. < 0.05. Con-
sidering the small differences between the present results and

those of Horstman and Kussoy, and the slow rate of de-
parture of these data from the theoretical curve, it is not clear
that the apparent earlier departure of the data of Horstman
and Kussoy from the theoretical curve is quantitatively sig-
nificant even though an earlier departure would be expected
on theoretical grounds. The results of Vas et al.?* and Raat
and Pasiuk? are noticeably different from the present data,
both qualitatively and quantitatively. The reasons for these
appreciable differences are not known.

In order to facilitate an understanding of the departure of
the experimental data from viscous-interaction theory, an
exploratory analysis was carried out for the merged-layer
flow over a cone. The goal of this analysis is to explain by
approximate methods the observed reductions in measured
pressure below viscous-interaction predictions on the basis of
a continuum-flow model which provides a connection be-
tween the kinetic or noncontinuum flow upstream and the
hypersonic viscous-interaction flow downstream. 'In view of
some recent work in which the flowfield near the vertex of a
sharp cone has been probed,? it was anticipated that the
shock structure will be merged with that of the viseous layer,
and that the shock wave and the processes which take place
in it should be expected to assume major importance.

A modified version of the Rankine-Hugoniot equations was
developed in Ref. 8 by integrating a simplified form of the
Navier-Stokes equations across the shock-transition zone,
and the resulting conical shock solution was patched to the
combined-interaction boundary-layer solution of Mirels and
Ellinwood,? where the latter solution is only valid when
rarefaction effects are negligible (see Appendix I). The

‘modified conical shock-jump conditions account for transport

processes immediately behind the compression zone, but shock
curvature and thickness effects are assumed to be of higher
order in this formulation. The conical shock zone is patched
to the viscous layer zone by requiring continuity in normal
velocity and normal velocity gradient at the shock-viscous-
layer interface. A discontinuity in tangential velocity and
total enthalpy at the interface is implicit in the patching
procedure, but these discontinuities are believed to cause
only small errors in the physical flow properties.

In Fig. 7, the present experimental data are compared with
the approximate theoretical analysis described previously, as
well as with other theoretical treatments. This figure shows
how the cone pressure varies as a function of the rarefaction
parameter, V., over a range extending from the weak-inter-
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action domain up to the noncontinuum region. As men-
tioned earlier, the results obtained from the first-order theory
of Probstein are seen to be quite close to those predicted by
the theories of Yasuhara and Mirels and Ellinwood.

Figure 7 also shows the theoretical curves obtained from the
studies of Waldron* and Rogers.® The analysis of Rogers is
based on a strong-interaction model in which transverse cur-
vature is assumed to be small. It may be shown that such an
analysis is conceptually wrong since a strong-interaction
model implies large transverse curvature.® The curve of
Rogers shown in Fig. 7 is his zeroth-order solution, ie., no
transverse curvature, and it is seen that the curve of Mirels
and Ellinwood appears to be in reasonable agreement with the
Rogers’ curve at large values of V., indicating that the ef-
fect of transverse curvature on the rate of boundary-layer
growth, and therefore on the pressure distribution, is small.
The viscous-layer theory of Waldron lies appreciably below
the present experimental data at values of Vo, =1, but the
slope of the curve is close to that given by the experimental
data.

The results of the present approximate analysis for the
pressure at the surface of the cone are compared with the
experimental data in Fig. 7. The pressure prediction is seen
to fall increasingly below that of Ref. 20 with increasing de~
grees of rarefaction, in satisfactory agreement with the low-
density data, and reduces to the prediction of Ref. 20 for
small degrees of rarefaction. The agreement between the ex-
perimental data and the approximate analysis appears to be
somewhat better in the air experiments (cold-wall case) than
in the helium tests (hot-wall case). In order to compare the
air and helium tests, the data were correlated using the first-
order Probstein analysis, and this data correlation is shown in
Fig. 8. Also, the two curves obtained from the present ap-
proximate analysis are shown. The two sets of data appearto
correlate better than the two approximate theoretical curves,
although the differences between the two curves are small.

In order to understand why the experimental data corre-
late so well, a study was made to estimate the importance of
other rarefaction effects which were not included in the
present analysis. The appearance of velocity slip and tem-
perature jump at the interface between the cone and the
flowing gas has been investigated using the criterion given in
Ref. 20. It is found that these low-density effects are unim-
portant in the air experiments when Vo < 0.22, and are neg-
ligible in the helium tests when V,, < 0.11. The variation of
pressure across the boundary layer due to increased stream-
line curvature and thickening of the viscous layer at low
densities has been considered, where surface slip is included in
an approximate fashion.? For V,, < 0.25, the maximum frac-
tional error made by neglecting normal pressure-gradient ef-
fects is found to be less than 29 for the air viscous layer and
less than 89, for the helium viscous layer. In Fig. 8, it is
seen that the air data tend to fall below the approximate the-
oretical curve at values of V., 220.3, whereas the helium data
appear to deviate at valuesof V., =20.2. Although the scatter
in the data and the approximate nature of the theoretical anal-
ysis do not permit unequivoeal conclusions, it appears that
merging effects and surface-slip effects are occurring at about
the same values of V., and that for the present experiments,
the merging effects seem to be more important. It is ex-
pected that for more slender cones, especially for hot-wall
conditions, the relative importance of shock-merging and
boundary-layer rarefaction effects may be different.

Concluding Remarks

. It is believed that the present study has provided accurate
experimental data at hypersonic flow conditions where rare-
.faction effects produce significant deviations from continuum
viscous-interaction predictions. An approximate analysis,
which examines the merging of the conical shock wave with
the viscous layer, appears to account fairly well for the ob-
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served behavior of the air and helium data over the whole ex-
perimental range. Some small deviations from this approxi-
mate theory are observed at the higher values of V., where
the experimentally-measured pressures fall somewhat below
the theoretical curves. It appears likely that these deviations
may be due to wall-rarefaction and normal-pressure-gradient
effects, and possibly to differences between the normal stress
and the thermodynamic pressure at the surface. In order to
determine the validity of these speculations in a definitive
manner, a comprehensive continuum analysis is needed which
includes the phenomena of merging and boundary-layer rare-
faction. On the basis of the present results, it appears likely
that such an analysis may be accurate up to surprisingly high
values of V.

Appendix: Merged-Shock Analysis

An approximate analysis of the pressure distribution over a
slender cone has been carried out for conditions under which
the shock wave merges with the viscous layer. In the present
treatment, the shock structure is determined using a simplified
Navier-Stokes model since recent theoretical and experimental
results indicate that the Navier-Stokes description of shock
structure is fairly good in the downstream region, even in the
case of strong shock waves.?® The simplified shock struc-
ture is then patched to the combined-interaction viscous-layer
solution of Mirels and Ellinwood.?® The details of the present
analysis are given in Ref. 8. In this Appendix, an outline of
the method is presented and the main analytical result is
given.

It may be shown that when terms of order &./r. and
8./Rz tan28 are small compared to unity in the Navier-Stokes
equations (where 8, is the shock thickness, 7. is the shock
radius, By is the longitudinal radius of curvature of the shock,
and B is the shock wave angle), the jump conditions across
the conical shock may be expressed as

1 = (po/ P2}V’ (AD
' = ue'[1 + (1/puUs? sinB cosB) (p du'/dn):] (A2)

P2 = Po + pota'*(1 — w'/0.") + (@dv'/dn)s  (A3)
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_ 2 Jed u'?
. = H. (1 + pelU® 8inf {Pr dn [H — (=P 2

Z(-2)]))

where g is the coefficient of viscosity, f = 4$u -+ K5, K5 is the
bulk viscosity, and u’ and o’ are the velocity components in a
left-handed orthogonal (s,n) coordinate system in which the
coordinate s is taken to be the distance along the shock from
the cone vertex and the coordinate n is taken to be the
distance along one of the normals.

" Inorder to patch the simplified shock structure solution to
that of Mirels and Ellinwood, the velocities and veloeity
gradients are first transformed from curvilinear shock-
oriented coordinates to body-oriented boundary-layer co-
ordinates. If ¢ = B — 6., then it can be shown

(Qu'/on)s = —cos? Y(Ou/dy): (A5)
and
ue’ =2 U, cosB[l — (cos®y/y M2 sinf cosB) (uz/p=) X
(Qu/oy):] (A6)
Similarly, one can show that
(0v'/0n)s = —siny cosy (Qu/dy): + cos2Y(Qv/dy). (AT)
and
v’ /v’ =2 (cosb./sinB) [sing — (v/u)s cosyy]  (A8)

It has been shown by Mirels and Ellinwood that the inviseid
cone pressure, p., can be expressed as

Do = Pok2yM 20,2 (A9)

where k2 is a weak function of the effective-body shape and
the ratio of specific heats, and varies by a few percent over
the weak-to-moderate interaction region. Combining Egs.
(A3), (A8), and (A9) yields

P 1 4 sin?B
pe  y(kMo0.)* ' k2.2

tand, (v/u)2 /Do dv’
(1 tan6><1 B tamp)] t kM8 <%> (A10)

Using results given in Ref. 20, it can be shown that

(w/w)s = (5:1/2)(1 + 3.46¢.) (V./0.) cosi’?0, (All)

[1 — cos?f, X

and
tanB = (tanf./{w)[1 + (6:/2)(1 + 3.46¢.) (V./0.2) X
cos'20.] (A12)

where
8%(x) = displacement thickness = &, (1 4 3.46g,) X

zV ., cos'26,/6.
Mo (Copheo/ poUso) M2
go = 20,7,/ (2C, T + U2

Volz)

Il

local rarefaction parameter =

and ¢, = radial location of edge of boundary-layer/radial
location of shock.

In Eq. (A10), the value of (dv’/dn), is obtained from Eq.
(A7) by assuming that (Qu/dy): = U./8* and that cosy (dv/
oY) K sinyg(Qu/0y)s. The former assumption can be justi-
fied for the case of hypersonic flow over slender bodies; the
latter assumption is probably not uniformly valid throughout
the inner viscous layer, although it can be shown to be ac-
curate near the cone surface.
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Using the preceding equations and assumptions, it can be
shown that the pressure on the cone surface, p., is given by the
relation

Pe

4 (1 — w2
o Luk? 7 X

0
{1 + [0—2 (1 + 346g.) — 5 7

6.2 . 9
s T an |V 2 _ 2
&i(l + 3.46gw)] Vo + [49 ; (14 3460 — 5 s

A=) (g gy 4 10,p 0=t 6
. B =2 +3 G282+ 3.469w)2]
_ y (L= §)B = &) &
I
2 (L= 8'C = &) 0.2
9 X 8, (1 4+ 3.46¢.,)

1= §n)* 0 ] % y
o 3 /.
5 7 o e T 346" Va? + O(Vm“)}
for Vo < O(1) (A13)

S (1 + 3.469.) —

+

where the pressure at the shock wave-viscous layer interface,
given by Eq. (A10), has been replaced by the pressure at the
surface of the cone with a maximum fractional error of the
order of (6,V./0.)% which may be ignored to the order of
accuracy considered here.
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